We report results for the ground state energies and wave functions obtained by projecting spatially unrestricted Hartree Fock states to eigenstates of the total spin and the angular momentum for harmonic quantum dots with N ≤ 12 interacting electrons including a magnetic field. The ground states with the correct spatial and spin symmetries have lower energies than those obtained by the unrestricted method. The chemical potential as a function of a perpendicular magnetic field is obtained. Signature of an intrinsic spin blockade effect is found.
I. INTRODUCTION
Systems like atoms, metal clusters, trapped bosons and quantum dots show several universal features.
1 For example, strongly interacting electrons in quantum dots arrange themselves in a rotating Wigner molecule.
1 Rotating boson molecules have been predicted to exist in ion traps.
2 Furthermore, symmetric potentials can induce a shell structure in atoms, 3 metal clusters, 4 and quantum dots. 1, 5 In the latter, signatures of shell structure have been experimentally probed, 6, 7 leading to Hund's rules for the total spin of the electron ground state. The spin in quantum dots 8 also affects the electron transport. It can lead to spin blockade effects 9, 10 and negative differential conductance in nonlinear transport, 9, 11, 12, 13, 14 and it induces periodic modulations of the positions of the Coulomb peaks in the linear conductance as a function of an applied magnetic field. 11, 15, 16, 17 More recently, the effect of the spatial distribution of the spins on the Kondo phenomenon has been probed. 18, 19, 20, 21 Electron and spin states of quantum dots have been theoretically studied with various techniques.
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For small electron numbers N , exact diagonalization (ED), 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33 configuration interaction (CI), 34, 35 and stochastic variational methods 36 allow for determining ground and excited state energies and their quantum numbers with high accuracy. For larger N , the size of the many-body basis set increases exponentially. With presently available computational technology, reliably converged "exact" results can be obtained only for electron numbers up to N ≈ 8 electrons. 35 For N ≤ 13, N = 16, 24, 48, Quantum Monte Carlo (QMC) 37, 38, 39, 40, 41, 42, 43, 44 methods have been used. They can provide accurate estimates for ground and excited states energies. With these techniques, the shell structure, Hund's rules, Wigner crystallization and the occurrence of "magic" angular momenta have been investigated. 26, 37, 38, 42, 45, 46, 47, 48 Most of the results for higher particle numbers have been restricted to zero magnetic field. It is believed that QMC provides better estimates for the energies of the ground states for larger electron numbers as compared to the "exact" methods.
For larger N and/or in the presence of magnetic field B, methods like Hartree Fock (HF) 49, 50, 51, 52, 53, 54, 55 and the density functional theory 56, 57, 58, 59, 60, 61, 62 have been used. Generally, these seem to provide less accurate estimates for the ground states which also can have unphysical broken symmetries due to incomplete ansatz wave functions. For instance, neglecting correlations, the straightforward HF method starts from a single Slater determinant as a variational many-body wave function which not necessarily is an eigenstate of the total spin.
63
Spatially unrestricted HF methods (UHF) 49, 51 systematically use symmetry breaking in order to obtain better estimates for the ground state energy. This may lead to wrong results for the total angular momentum and the total spin. For instance, UHF calculations sometimes seem to fail predicting the total spin resulting from Hund's rule, in contradiction to the more accurate methods. Violations of Hund's rules for relatively weak Coulomb interactions have been reported 49 for N = 4, 8, 9. Projection techniques, pioneered in the 60th of the last century, 64, 65, 66 can be applied for introducing the correct spatial symmetries. In quantum dots, they have been used for obtaining wave functions corresponding to specific angular momenta. 67, 68, 69, 70, 71 Recently, the random phase approximation has been used to restore the rotational symmetry of wave functions obtained by UHF.
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Restoring the spin symmetry has received much less attention, and has been used only for very few (up to N = 3) electrons. 67 For N = 2, the spin singlet symmetry has been approximately restored with the LipkinNogami approach. 72 Larger N have seldom been treated with the projection technique. 73 In view of the recent discussion of spin effects in the transport spectra of quantum dots, information about the total spin is, however, necessary. Additionally, by restoring the symmetries correlations are introduced into the ground state wave function that are absent in a single UHF Slater determinant. This leads to a better estimate for the ground state energy.
In this paper, we apply a projection technique to the states obtained by UHF for estimating the ground state energy of a circular quantum dot with N ≤ 12 electrons, including a magnetic field. Starting from an UHF Slater determinant with broken rotational symmetry, a first estimate for the ground state energy and the wavefunction is obtained. Then, both the total spin and the angular momentum of the UHF variational wave function are introduced by projecting on the corresponding subspaces. We show that, after restoring all of the symmetries, the energies and the wave functions are improved and show physical features which are not included in the UHF method.
We discuss the efficiency of the projected HF method (PHF) by comparing our results with those of ED, CI, and QMC. We determine the ground state energies as a function of a magnetic field, and obtain the chemical potential that can be measured in transport experiments. Our main findings are:
(i) By projecting the UHF wave functions on the total angular momentum L and on the total spin S, the ground state energy is successively lowered. The correction due to the spin projection is generally smaller than the one associated with the angular momentum, but still necessary for determining the correct ground state and its quantum numbers.
(ii) The quantum numbers L and S are correctly reproduced, if the strength of the interaction is not too large. Especially, for B = 0, the first Hund's rule -namely that S is maximized for open shells -is recovered for N ≤ 12 electrons, except for N = 10, discussed below. Hund's rule has been claimed earlier to be violated on the basis of UHF results 49 .
(iii) By comparing the results with CI and QMC, we estimate a correlation energy, defined as the difference between PHF and "exact" energies, of about 2% of the ground state energy.
(iv) With increasing interaction strength the correlation energy decreases. Nevertheless, for stronger interaction, and larger N , the PHF ground state tends to be spin polarized in contrast to more exact results. This is consistent with earlier conjectures, namely that UHF tends to overestimate the influence of the exchange.
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(v) As a function of B, several crossovers between ground states with different total spins and angular momenta are found that are absent in UHF. These are associated with characteristic changes in the electron densities. The onset of the singlet-triplet transition 54 occurring for dot filling factor ν ≈ 2 and N even is recovered. Features that lead to an intrinsic spin blockade are predicted.
In the next Section, details of the UHF method are outlined. The consequences of the broken symmetries are described and the projection technique is discussed, with special emphasis on the total electron spin. In Sect. III results for zero and non-zero magnetic field are presented and discussed.
II. MODEL AND METHOD

A. The model
Consider N electrons in a two-dimensional (2D) quantum dot confined by an in-plane harmonic potential and subject to a perpendicular magnetic field B = Be z . The Hamiltonian is ( = c = 1)
with
r ≡ (r, ϑ) the 2D polar coordinates, v(r) = e 2 /4πε 0 ε r r the Coulomb interaction potential, B = rotA, m * effective electron mass, ω 0 confinement frequency, g * effective g-factor and µ B the Bohr magneton. The z-component of the i-th spin is s zi = ±1/2, −e the electron charge and ε 0 (ε r ) the vacuum (relative) dielectric constant. The single-particle term in (1) yields the Fock-Darwin 74 (FD) spectrum
with eigenfunctions φ n,l (r)χ ± , where χ + (χ − ) is the spinor corresponding to s z = +1/2 (s z = −1/2) and
Here, n and l are principal and angular momentum quantum numbers, ℓ 0 = (m * Ω) At B = 0, expressing energies in units ω 0 and lengths in units ℓ 0 , the Hamiltonian (1) depends only on the dimensionless parameter
which represents the relative strength of the interaction.
B. The unrestricted Hartree-Fock method
In HF the Schrödinger equation for a given value of total S z = s z1 + . . . + s zN is solved by using orbitals
with α = + (α = −) denoting spin up (down) and N α is the number of electrons with spin α · 1/2. They are obtained as the solutions of the coupled integro-differential equations
where ρ(r) = ρ + (r) + ρ − (r) is the HF density
For a given S z , an initial guess for the orbitals ψ α i (r) with i ≤ N α is made. Then, HF densities are evaluated and Eqs. (7) are solved to obtain updated orbitals. This is iterated until self-consistency is achieved. The many body wave function is a single Slater determinant, eigenfunction of S z ,
that corresponds to a stationary point of the UHF energy
In order to numerically solve (7) we expand the orbitals in the FD basis φ µ (r)χ α (Eq. (4))
where C α µi are complex coefficients. The truncation of the basis to K states is necessary in order to numerically implement the procedure. We have used the K = 75 lowest FD states for each value of B. This led to fair convergence (see Sec. II E). Introducing the density matrices
connected to (8) by
it is possible to show that equation (7) is equivalent to the coupled nonlinear Pople-Nesbet eigenvalue problem
Here F α µν are the Fock matrices,
and the two-body interaction matrix elements (15) can be evaluated analytically. 35 The energy (10) is then
We use spatially unrestricted initial conditions 49, 51, 67 with a random distribution of initial C α µ,ν . This implies initial orbitals without circular symmetry, and leads to better energy estimates. However, symmetry broken Slater determinants are in general neither eigenfunctions of the total angular momentum
The most general UHF solution is a linear superposi-
For given N and S z , many initial conditions are used. Correspondingly, several stationary points are found. They form a sequence |Ψ
< . . .. For a given S z , the process is iterated until the lowest E Sz 1 is found. The UHF ground state is defined as,
C. Spin and angular momentum projection
In order to obtain states with specific L and S we act on the UHF Slater determinant with operators 65P L and P Sz S which project onL andŜ, respectively. They satisfy
Their simultaneous action yields an eigenfunction ofL andŜ
The spin projector
annihilates all the components of (9) with spin different from S. 64 Its action is written as
where N < = min{N + , N − } and
are the Sanibel coefficients. 75, 76 The term |T q = |T
is the sum of all
Slater determinants obtained by interchanging, without repetition, all the possible q spinor pairs with opposite spins in |Ψ Sz . By definition |T 0 ≡ |Ψ Sz . For example, consider N = 4, S z = 0 (N + = N − = 2),
This state is a linear superposition of all spin eigenstates with S ≤ 2. The spin projection selects a specific spin
where
Summing up equations (24)- (26) results in the original determinant |Ψ Sz , since SP Sz S = 1. The projector onL is given by
where exp (iLγ) acts on |T q rotating by γ around the z axis all spatial parts of the orbitals
We denote this by |T q (γ) . Using (20) and (27) we get
The projected state (28) is a sum of many Slater determinants (Appendix A). This indicates that correlation has been introduced by the projection. The main computational effort is due to the evaluation of two-body matrix elements in (18) . Projecting an Nparticle UHF state with S z to a state with total spin S requires to evaluate n(S z , N ) = N< q=0 n q terms,
For N even (odd), the worst case is S z = 0 (S z = 1/2). For the angular momentum projection we use a fast Fourier transform (FFT) and partition the integration
is determined by the angular momentum range |L| ≤ L max for which good convergence (relative error < 10 −6 ) of the PHF energies is required. We have checked that for L max = 20 n(L) = 256 is needed. Using FFT, all energy values for given S and |L| ≤ L max are simultaneously available, which considerably accelerates the calculation with respect to performing distinct computations for each value of L. The total number of two-body matrix elements is n tot = n(S z , N )n(L). have to be projected. The PHF ground state is then defined by
One can show that projecting arbitrary UHF Slater determinants on L and S always leads to energies that are not lower than the exact ground state energy, thus satisfying the variational principle.
As an example, we consider N = 4 for B = 0, with confinement energy ω 0 = 0.741 meV. We assume the standard GaAs parameters, m * = 0.067 m e and ε r = 12.4.
The confinement corresponds to λ = 4. For each S z , we have used more than 500 UHF initial conditions. We found two solutions with S z = 0, and one for S z = 1 and S z = 2. The corresponding energies E
Sz i
are given in Tab. II. The UHF ground state corresponds to S z = 2. Applying the projection to each UHF state, we obtain E Sz i (L, S) with different quantum numbers L and S: the lowest two are given. The PHF ground state corresponds to L = 0 and S = 1. The latter is obtained by projecting the energetically higher UHF minimum with S z = 0.
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E. Some comments about errors
The major systematic error of the UHF approximation is the neglect of correlations. By projecting the slater determinant on fixed angular momentum and spin PHF attempts to correct for these effects. A second systematic effect is due to the uncertainty if the self consistent HF procedure has converged towards the absolute minimum of the energy.
In determining the UHF ground state energies, we have checked that the convergence with respect to the size of the basis set is better than 10 −6 . For getting insight into the above systematic effects one can start from wave functions with the same L, S but originating from UHF states with different S z . They should be degenerated at B = 0. In the example of Tab. II, these are the pairs |Ψ . Similar estimates for the "degeneracy error" is obtained from data for different N and λ. We attribute the degeneracy error mainly to UHF: different UHF states in different S z sectors approximate the true states with different precision. Therefore, their projection on the same L, S sector does not yield exactly degenerate states.
By comparing our results with other works (see below), 38, 39 and CI 35 are included. For λ ≤ 2, angular momenta and total spins of the ground states obtained by PHF agree with DMC and CI. The total spin fulfills Hund's first rule: a singlet state for the filled shells (N = 2, 6, 12), a triplet for N = 4, 8 and S = 3/2 for N = 9. Only for N = 10, Hund's rule is not fulfilled since we find S = 0 instead of S = 1. However, here the degeneracy error is 0.064 ω 0 , larger than the energy distance ∆E = 0.038 ω 0 between the ground and the first excited state. Also DMC 39 predicts an extremely small energy gap between the singlet and the triplet, though it yields an S = 1 ground state.
Increasing the interaction strength (λ = 4) PHF still produces energies consistent with CI and DMC. However, for N = 3, 6, 7, 8 incorrect quantum numbers are predicted with a tendency towards polarization. Whenever polarization occurs the ground states have low angular momenta in PHF.
For λ > 4, preliminary results indicate deviations of PHF with respect to CI, DMC. They are reminiscent of the tendency of HF to predict spin polarized ground states due to overestimating the exchange as compared to correlations.
The relative deviation δ = (E PHF −E DMC )/E DMC for Fig. 2 illustrate the effect of angular momentum projection alone followed by spin projection for 
. Only the lowest energies are included in the table.
The typical energy gain obtained by angular momentum projection is about 0.25 ω 0 . The spin projection induces corrections of the same order of magnitude, which can even change the sequence of energies (Fig. 2) . From the UHF state with S z = 0 and E Thus, PHF not only introduces a lowering of the energies but can also restore the correct ordering of energy levels. This can be seen from the last column of Tab. IV, which contains the results obtained by DMC 38 . Restoring the spin plays a crucial role in obtaining all correct quantum numbers for the ground state including Hund's rule. 73 For example with angular momentum projection alone, one would have predicted L = 2 for the ground state, in contrast to the correct result.
The degeneracy error for this case is approximately 0.06 ω 0 (some example of almost degenerate states are included in Tab. IV). The distance between ground state and the first excited state is ≈ 0.08 ω 0 . This suggests that the ground state for N = 8 has L, S = 0, 1, consistent with DMC. Even the quantum numbers of the first three excited states turn out to be reproduced correctly while the 4th and the 5th appear to be interchanged.
Ground state densities
For the spin-resolved densities
we first consider N = 3 and N = 4 (Figs. 3 and 4) for intermediate (λ = 2) and strong (λ = 8) interaction. Increasing the interaction strength leads to a shift of the maximum of the densities towards higher r, consistent with earlier findings by ED. 26, 77 This is clearly observed in the spin up density for N = 3 (Fig. 3) . For N = 4, the ground state (L = 0, S = 1, (Fig. 4 ) agree very well with ED 26 for large r. Generally, deviations occur near r ≈ 0. Figure 5 (a) shows the total electron density for N = 5, L, S = 1, 1/2, for λ = 0.5, 2, 10. For weak interaction, λ = 0.5 (solid line), we find good agreement with CI 78 (squares). For λ = 2 (dashed) small deviations near r = 0 are found. Figure 5(b) indicates that the spin-down density is responsible for the small deviation from the exact result around r = 0 for λ = 2.
B. Finite magnetic field
In this section, we show results for N = 5, 6, 7 in the presence of a magnetic field, B ≤ 2.4 T, corresponding to a dot filling factor ν 2 (N ≤ 4 has been discussed in Ref. 73) . We assume here a confinement ω 0 = 6 meV (corresponding to λ = 1.45) and g * = −0.44. For B > 0, due to the Zeeman term, the PHF ground state always has S z = S. Therefore, we do not specify S z in the following.
We start with N = 5 ( Fig. 6 ) and N = 6 (Fig. 7) . We show the UHF ground state energy E UHF (solid line), the energy obtained from angular momentum projection (dashed, Eq. (31)), and the PHF energy (dashed-dotted, Eq. (30)). The highest energy gain is here due to the angular momentum projection. Spin projection leads to a further decrease of the ground state energy. Obviously, UHF and PHF results behave completely differently with B.
For instance, for N = 5 (Fig. 6 ) the UHF ground state shows crossovers S z = 1/2 → 3/2 at B ≈ 0.9 T and S z = lar momentum projection (Fig. 7) . Also here, the PHF quantum numbers agree with the earlier results obtained by ED, 79 including the magnitudes of the crossover fields at B ≈ 1 T and B ≈ 1.8 T respectively.
The singlet-triplet crossover occurring for N = 6 at B ≈ 1.8 T, corresponds to a filling factor ν ≈ 2, and is a peculiar feature which is confirmed by several experimental and theoretical studies. 15, 16, 54, 80 Also for N = 8 preliminary data indicate such a crossover near ν = 2. These crossovers are completely absent in UHF (Fig. 7) .
Most interesting is N = 7 ( Fig. 8): near B ≈ 2.2 T the ground state has S = 3/2. This can only be obtained including the spin projection and leads eventually to a spin blockade in the transport (see below).
In Fig. 9 we show the scheme of the ground state quantum numbers for 4 ≤ N ≤ 7, as obtained by PHF. They qualitatively agree with previous calculations, 31, 79 performed for N ≤ 6. In the region of B, where the ground state of N = 7 has S = 3/2 the state with N = 6 is a singlet. Since ∆S > 1/2 between the two ground states a spin blockade in the 6 ⇆ 7 transition can be expected near the edge of ν = 2 for N = 7 electrons, for B ≈ 2.3 T. We note in passing that the lowest excited states for N = 7, with L = −5, S = 1/2 and L = −9, S = 1/2, are at most ≈ 0.07 meV (≈ 0.8 mK) higher in energy. Therefore, it may be difficult to experimentally observe this blockade.
The shows µ 5 (B), µ 6 (B) and µ 7 (B). Arrows indicate the onset of ν = 2 for the configuration with N = 5 (bottom panel), N = 6 (center), N = 7 (top). The chemical potentials exhibit features related to the above discussed crossovers between ground states. At the onset of ν = 2, the chemical potentials exhibit a cusp. For even N , this corresponds to the above mentioned singlet-triplet transition. 54 Generally, the chemical potentials show kinks when quantum numbers of the ground states change (Figs. 9 and 10 ).
IV. CONCLUSION
We have described a systematic procedure to overcome some of the limitations of UHF approach. Using angular momentum and total spin projections, we have introduced correlations that provide lower estimates for the ground state energies, besides determining the spin and the angular momentum. Several sources of errors have been discussed. In particular, a degeneracy error has been found to be useful for deciding whether or not the estimate for the ground state is plausible.
The procedure yields results consistent with earlier findings for interaction strengths λ 2 which corresponds to experimentally relevant confinement energies ω 0 3 meV for ε r = 12.4.
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For B = 0 and λ ≤ 2, we have confirmed Hund's first rule for the dot total spin, except for N = 10. In this case, the ground state is ambiguous, since the energy gap between ground and first excited state is smaller than the degeneracy error, consistent with other results. For stronger interaction, λ > 4, deviations from Hund's rules are obtained, accompanied by the well-known exchange induced tendency of HF-based methods to favor ground states with higher spins and zero angular momenta.
We have shown that PHF predicts correctly the features of the ground state energy as a function of B. We have found a spin blockade in the transport between N = 6 and N = 7, occurring at a filling factor ν ≈ 2.
Given the slower increase in computational effort with particle number described in Sec. II C (Tab. I), as compared to other methods, we hope by parallelization of our code to obtain in the future results for higher number of particles (N ≥ 20), varying B, for interaction strengths relevant to quantum dot experiments, λ ≤ 2.
That the densities are correctly reproduced suggests that tunneling rates between the quantum dot and attached leads needed for electron transport can be reasonably well estimated when using PHF wave functions. This might be useful for providing quantitative results for predicting the heights of the Coulomb blockade peaks as a function of B.
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APPENDIX A: SOME DETAILS OF THE IMPLEMENTATION
We provide some technical details about the implementation of the projection technique outlined in Sec. II C.
In order to obtain (18), we have to evaluate the overlaps 
and the Hamiltonian matrix elements
In the following, we avoid explicit reference to electron coordinates unless when strictly necessary. Previously, analytic expressions for (18) have been reported 67 for N = 2. For larger N , however, the number and the complexity of the above matrix elements increases dramatically. This eventually requires numerical treatment.
For evaluating |T q = 
In the interaction part k1k2p1p2 (γ) can be straightforwardly evaluated as for (A10).
